Introduction {#Sec1}
============

The Euler characteristic is one of the most fundamental topological invariants. In the past decade, a series of work appeared which relate Euler characteristics of complex algebraic varieties with the complexity of algebraic optimization problems \[[@CR1], [@CR5], [@CR15], [@CR20], [@CR21]\]. There are several existing approaches to compute the Euler characteristics of complex algebraic varieties \[[@CR3], [@CR6], [@CR16], [@CR19]\], each having their own benefits. Our new approach has the following advantages.

Our methods directly compute the Euler characteristic of an affine variety without involving any compactification. This is useful because the closure of a smooth affine variety can have singularities along infinity.We stratify and compute the Euler characteristics of smooth affine varieties. In theory, any *d*-dimensional affine variety can be stratified into the union of at most $\documentclass[12pt]{minimal}
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                \begin{document}$$d+1$$\end{document}$ smooth affine varieties. In contrast to the inclusion-exclusion principle, our method does not involve too many varieties.We can tailor the stratification to reduce the degree of each stratum.

A standard method to compute Euler characteristics of complex algebraic varieties is to reduce to the projective hypersurface case. The drawback of this method is that to compute the Euler characteristic of a projective variety, the number of involved hypersurfaces grows exponentially in the codimension.

In contrast, we compute the Euler characteristic of a smooth equidimensional affine variety *X* by counting the critical points of $\documentclass[12pt]{minimal}
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                \begin{document}$$\dim (X)+1$$\end{document}$ algebraic functions. Given a singular complex affine variety, we stratify it into smooth affine varieties to reduce to the smooth case. In theory, we can always stratify a *d*-dimensional affine variety into $\documentclass[12pt]{minimal}
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                \begin{document}$$d+1$$\end{document}$ smooth (possibly not connected) equidimensional affine varieties of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$d, d-1, \ldots , 1, 0$$\end{document}$. So we need to compute the number of critical points of at most $\documentclass[12pt]{minimal}
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                \begin{document}$$(d+1)(d+2)/2$$\end{document}$ algebraic functions. Our algorithms also have the practical feature of minimizing the degree of the algebraic functions at the expense of increasing the number of functions to consider.

This work is organized follows. In Sect. [2](#Sec2){ref-type="sec"}, we recall a theorem to determine the Euler characteristic of a smooth equidimensional variety with a general hyperplane removed by counting critical points of a function. In Sect. [3](#Sec3){ref-type="sec"}, we provide some key definitions from numerical algebraic geometry. In Sects. [4](#Sec7){ref-type="sec"}--[5](#Sec8){ref-type="sec"} we present algorithms for computing Euler characteristics.

Euler Characteristics and Critical Points {#Sec2}
=========================================

Let *X* be a topological space that is homotopy equivalent to a finite CW-complex. The Euler characteristic of *X*, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi (X)$$\end{document}$, is the alternating sum of the Betti numbers of *X* \[[@CR9], Page 146\]. We are only interested in the situation where *X* is a (complex) affine algebraic variety \[[@CR8], Corollary 6.10\]. In this case, the Euler characteristic of *X* is an alternating sum of cardinalities of several sets of critical points as shown in Theorem [1](#FPar1){ref-type="sec"}.

Given a singular affine algebraic variety, it admits a stratification into locally closed smooth subvarieties. We can always refine the stratification into locally closed smooth affine subvarieties. Since the Euler characteristic is additive for a stratification of locally closed subvarieties, it is enough to compute the Euler characteristic of smooth affine varieties. In this paper, we discuss the following two objectives.

Compute the Euler characteristics of smooth affine varieties.Find algorithms to stratify singular affine varieties into locally closed smooth subvarieties.
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                \begin{document}$$f: \mathbb {C}^n\rightarrow \mathbb {C}$$\end{document}$ be a regular function. If *X* is defined by polynomials $\documentclass[12pt]{minimal}
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                \begin{document}$$g_1, \ldots , g_l\in \mathbb {C}[x_1, \ldots , x_n]$$\end{document}$, then the critical points of $\documentclass[12pt]{minimal}
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                \begin{document}$$f\in \mathbb {C}[x_1, \ldots , x_n]$$\end{document}$ are the points $\documentclass[12pt]{minimal}
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                \begin{document}$$(\frac{df}{dx_1}, \ldots , \frac{df}{dx_n})|_P$$\end{document}$ is in the linear span of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{ (\frac{dg_i}{dx_1}, \ldots , \frac{dg_i}{dx_n})|_P: {i=1,\ldots , l}\}$$\end{document}$.

This theorem relates the number of critical points to the Euler characteristic.

Theorem 1 {#FPar1}
---------
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                \begin{document}$$ (-1)^{\dim (X)}\chi \big (X\setminus V(\ell )\big )=\#\{\text {critical points of } \ell |_X\}. $$\end{document}$$

As a corollary we are able to determine the Euler characteristic of *X* itself.

Corollary 1 {#FPar2}
-----------

Let *X* be a smooth subvariety of $\documentclass[12pt]{minimal}
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                \begin{document}$$h_i|_{X\cap V(h_1,\dots ,h_{i-1})}$$\end{document}$ and *p* is the cardinality of $\documentclass[12pt]{minimal}
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                \begin{document}$$X\cap V(h_1,\dots ,h_{\dim (X)})$$\end{document}$.

Proof {#FPar3}
-----

The additive property of Euler characteristic implies the equality$$\documentclass[12pt]{minimal}
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                \begin{document}$$X\cap V(h_1,\dots ,h_{\dim (X)})$$\end{document}$ is a set of *p* points. By Theorem [1](#FPar1){ref-type="sec"}, we have $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _i = (-1)^{\dim (X)-i+1} \chi (X\cap V(h_{1},\dots h_{i-1})\setminus V(h_i))$$\end{document}$.                                      $\documentclass[12pt]{minimal}
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Numerical Algebraic Geometry Basics {#Sec3}
===================================

In this section we recall a witness set \[[@CR4], [@CR23]\], which is a fundamental concept in numerical algebraic geometry. A witness set is used to analyze algebraic varieties and is manipulated using homotopy continuation \[[@CR2]\], as seen in Sects. [3.2](#Sec5){ref-type="sec"}--[3.3](#Sec6){ref-type="sec"}.

Witness Sets and Numerical Irreducible Decomposition {#Sec4}
----------------------------------------------------

Let *X* be an equidimensional subvariety of affine space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {C}^n$$\end{document}$. As a consequence of Bertini's Theorem, there are two invariants, dimension and degree, of *X* that can be understood by intersecting *X* with a general linear space. The dimension $\documentclass[12pt]{minimal}
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### Definition 1 {#FPar4}

**(Witness set).** Suppose *X* is an equidimensional subvariety of $\documentclass[12pt]{minimal}
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In numerical algebraic geometry, *W* is called a *witness point set* for *X*. Since *L* consists of general affine linear functions, the affine linear space *V*(*L*) is general and the cardinality of the set *W* is $\documentclass[12pt]{minimal}
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Given a (not necessarily equidimensional) subvariety *X* of $\documentclass[12pt]{minimal}
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### Example 1 {#FPar5}

*(Embedding).* Suppose *X* is an equidimensional subvariety of $\documentclass[12pt]{minimal}
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### Example 2 {#FPar6}

We can also easily construct a witness set for the Cartesian product of two varieties. Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_i$$\end{document}$ is a subvariety of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {C}^{n_i}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,2$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(F_i,L_i,W_i)$$\end{document}$ is a witness set for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_i$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(F_1\cup F_2, L_1\cup L_2, W_1\times W_2 )$$\end{document}$ is a witness set for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_1\times X_2\subset \mathbb {C}^{n_1}\times \mathbb {C}^{n_2}$$\end{document}$.

Witness Collections of Subvarieties in $\documentclass[12pt]{minimal}
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--------------------------------------------------------------------------------------

A witness collection is a generalization of a witness set and is used to study varieties that are defined by polynomials with a natural multi-variable group structure. For a complete description of witness collections see \[[@CR10], [@CR11], [@CR17]\]. For our purposes, it suffices to study the following special case.

A *witness collection* for a *d*-dimensional irreducible subvariety *Z* of $\documentclass[12pt]{minimal}
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Witness collections are used to understand the intersection of *Z* with a Cartesian product of linear spaces. Let $\documentclass[12pt]{minimal}
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### Example 3 {#FPar7}
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A witness collection for the conormal variety of *X* is given by$$\documentclass[12pt]{minimal}
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Regeneration and Removing a Hypersurface {#Sec6}
----------------------------------------

Given a witness collection for an irreducible variety *X* and a polynomial *g*, regeneration determines a witness set for $\documentclass[12pt]{minimal}
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### Example 4 {#FPar8}
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Euler Characteristics of Smooth Varieties {#Sec7}
=========================================

Theorem [1](#FPar1){ref-type="sec"} leads to an algorithm that outputs the the Euler characteristic of an algebraic variety by computing critical points. The proof of correctness of the following algorithm is easily derived from Corollary [1](#FPar2){ref-type="sec"}.

We can compute these critical points from a witness set as follows.

Proof {#FPar9}
-----
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Example 5 {#FPar10}
---------
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Euler Characteristics of Singular Varieties {#Sec8}
===========================================

In this section, an excision-restriction method to compute $\documentclass[12pt]{minimal}
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The freedom of choosing *g* in step 19 is a feature of this algorithm. One way to find such a *g* is by taking a generic linear combination of minimal generators of the ideal of $\documentclass[12pt]{minimal}
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Next, we tailor the previous algorithm for regeneration, which was described in Sect. [3.3](#Sec6){ref-type="sec"}.

Example 6 {#FPar11}
---------
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We input a numerical equidimensional decomposition for *X*. Since *X* is itself irreducible, we have $\documentclass[12pt]{minimal}
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Lastly, in step 17, we find a numerical decomposition $\documentclass[12pt]{minimal}
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In this paper we focussed on algorithm development, and we are working towards implementing Algorithm 4. In addition, we are also working to implement Algorithm 3 using Grobner basis to compare with the numerical version and previous techniques.

By "general" here, we mean the intersection $\documentclass[12pt]{minimal}
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